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We consider the hypersonic flow of a cold gas past an axially symmetric body containing a
magnetic dipole with its axis oriented parallel to the flow. The magnetic moment of the di-
pole and the size of the body are of arbitrary proportions. A uniform scalar conductivity o is
turned on by the shock, and the magnetic Reynolds number is low. We introduce an inter-
action parameter S = esBy? r;/p,lto, where (K1) is the reciprocal compression ratio across a
strong shock, B is the magnetie field strength at the shock, r, is the shock radius of earva-
ture, and p,, and u, are the density and velocity in the freestream. When S < €2, the flow is
quasi-aerodynamie. Certain discrepancies existing in the literature on the flow in this re-
gime are reconciled. When S > ¢!/2, a thin layer somewhat akin to a shock layer is formed
behind the shock, but this whole layer is separated from the body by an extensive region of low
Mach number flow. When S = 1.6, the entire flow field can be supported by the magnet, i.e.,
without the hot gas touching the body. Assuming a large compression ratio across the shock,
a simple analysis can be performed. Calculations covering various representative cases are
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exhibited; the validity and significance of these calculations are discussed.

Nomenclature

Y, 7,0,

Rr ¢, Ny 8y

7, 7, £ = various coordinates
U, v = velocity components
P = pressure
0 = density
B = magnetic field
B,, Bs, B, B, = various magnetic field components
j = current density
o = conductivity
¢ = stream function
S = interaction parameter
€ = limiting shock compression ratio
Te, Tsy Thy A, 8 = various distances
I3 = curvature
k = reference pressure gradient
n = magnetic field line parameter
I, M, P = integral quantities
t = dummy variable
G, h, i, f2 = auxiliary functions
Subscripts
0 = reference quantity
® = freestream value
M = matching
L = deceleration layer

I. Introduction

E consider the interaction between a hypersonic flow

and a fixed magnetic field under conditions for which
the magnetic Reynolds number is negligibly low. Such
flows can be regarded as entirely aerodynamic in structure,
although differing from traditional types of aerodynamic
flows in that the applied forces act through a volume rather
than at surfaces. In addition to assuming that the magnetic
Reynolds number will be small, we shall suppose that the con-
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ductivity of our gas will be “‘turned on’’ by a strong bow shock
wave. This assumption corresponds to the conditions en-
countered in hypersonic flight in planetary atmospheres.
We shall see later on that it will be legitimate to consider
this conductivity as a constant over an interesting part of
the flow field. Now these general conditions have formed
the basis of quite a few studies. We can distinguish two
groups of such studies, namely, those in which the flow is
considered to be primarily aerodynamic and is modified by
the magnetic field, and those in which the flow is dominated
by the magnetic interaction and the presence of a body is of
secondary importance. We shall be concerned with both
categories, but will emphasize in particular those flows in
which forces exerted at solid surfaces play a negligible role.
However, it will be useful to review briefly both categories
of studies in order to establish a perspective.

A group of papers by Kemp,! Bush,? and Lykoudis? deals
with the modification by a magnetic field of the hypersonic
flow of gas over a body. The points of difference between
these papers are largely in the choice of method, the actual
problem being similar in all cases. Although not explicitly
stated in all the papers, the general idea is that the magnetic
forces are less than those exerted at the surface of the body.
Bush, however, does suggest the possibility of the opposite
extreme. The results of all these papers are given in terms
of calculated modifications of the aerodynamic flow. Thus,
the effect of the magnetic field is to reduce the stagnation-
point velocity gradient, to increase the shock standoff dis-
tance, and therefore to reduce the convective stagnation-
point heat transfer. The drag is largely unaffected.

A different approach is given in a paper of Levy and Pet-
schek.* Here, a rather special two-dimensional problem is
studied with a view to describing a flow in which the body
is entirely absent. The results of such a study clearly can-
not be stated with reference to any standard aerodynamic
flow. Rather, such parameters as the location of the shock
are given in terms, for instance, of the current flowing in the
magnet. An important feature of this type of flow is the
existence of an inner boundary to the flow behind which the
gas density is very low. If the body that houses the magnet
is inside this inner zone, it is essentially not in contact with
the flow at all, and the convective heat transfer to it should
be very small. ,

In the present paper, we attempt to combine features of
both the foregoing problems. The geometry we study is
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Fig.1 TIllustration of the principal features of the flow to
be expected when S = 1. The conductivity is zero ahead of
the shock.

the physically realistic geometry of the first group of papers,
but we use the methods of Levy and Petschek and concen-
trate strongly on the case in which the body plays a negligible
role in the flow. In the course of the work, certain dis-
crepancies existing in the first group of papers are resolved,
and the flow corresponding to the limit discussed by Bush
is extensively described. In subsequent sections, we will
analyze the flow in greater detail and discuss particularly
the limiting cases in which the flow is principally supported
by either the magnetic field or the body. In the last section,
we will draw some general conclusions from our study and
also describe some of the physical limitations on the validity of
our analysis.

The entire analysis described in this paper has been ex-
tended to the corresponding two-dimensional problems by
Levy et al5; this reference also treats the subject matter
of this paper at greater length.

II. Description and Analysis of the Flow

The general features of the flow to be treated are illustrated
in Fig. 1, and the coordinate systems and other dimensions
used in the analysis are shown in Fig. 2. A strong shock is
formed in the gas ahead of the object; behind this shock the
gas is weakly conducting. We neglect heat conduction and
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Fig.2 Illustration of the coordinate systems used in the

text. Cis the center of curvature of the deceleration layer

at the point P. The components (u,v) of the velocity are

polar and are referred to the coordinate system (r, §) with
origin at C.
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viscosity since the viscous Reynolds number is high; when
there is no body in the flow there will not even be a thin vis-
cous boundary layer. The current flow (in the absence of
Hall effect) is in the azimuthal direction, and it follows that
j-E = 0. Thus, in our case, each streamline is isolated
energetically and therefore has a constant total enthalpy. It
follows that the total enthalpy is constant throughout the
flow and equal, since the flow is hypersonic, to 3u.2 In
the region where the Mach number is low (behind the normal
part of the shock, for example), the static enthalpy will be
approximately constant. We shall assume that the proper-
ties of the gas are such that the electrical conductivity may
be treated as constant when the enthalpy is constant, even
though the gas may undergo a considerable expansion.
This assumption will allow us to take the conductivity as
constant through a large part of the flow. We also assume
that the gas eonditions are such that the Hall effect may be
neglected; in the last section we shall estimate limits to the
validity of this assumption.

The statement that the gas is weakly conducting behind
the shock is to be taken to mean that the magnetic Reynolds.
number is low. The general features of flows at low mag-
netic Reynolds numbers have been outlined elsewhere.t.?
In order to have a substantial exchange of momentum be-
tween the field and the flow, the product of the magnetic
Reynolds number and the ratio of magnetic to dynamic
pressures must be of order unity. We call this produet the
interaction parameter and denote it by S. Throughout this
paper, we will use an interaction parameter defined by S =
€0 Bo¥./pothe, Where e(K 1) is the reciprocal compression
ratio across the shock, o the econductivity behind the shock,
By the field strength at the normal point of the shock, and
r, the radius of curvature of the shock.

The geometrical configuration shown in Fig. 1 is generically
the same as that treated by Bush et al. The body is taken
to be axially symmetric but need not be spherical. The
magnetic field is that due to a dipole whose axis coincides
with the axis of the body and with the flow direction. The
location of the dipole is, within the limitations of symmetry,
arbitrary, except that it is supposed not to be right at the
stagnation point of the body. Also, we do not make any a
priori assumption about the shape or the location of the shock.

We define the deceleration layer (Fig. 1) as the region just
behind the shock for which the velocity component parallel
to the shock is larger than the component normal to the
shock. (The deceleration layer reduces when there is no
magnetic interaction to the aerodynamic shock layer. The
reason for this choice of terminology will become apparent
later on.) Although this definition breaks down near the
place where the shock is normal, it can be extended in a con-
sistent manner to the stagnation streamline by using the
gradient of the velocity component parallel to the shock,
multiplied by the radius of curvature of the shock. The
important thing to notice is that, because of the requirement
of continuity, the deceleration layer as defined is thin.
In fact, since the ratio of the velocity components perpendicu-~
lar and parallel to the shock is on the order of ¢, the continuity
equation tells us that the thickness of the layer is approxi-
mately er., where r. is the radius of curvature of the shock.
Since € < 1, we introduce in the deceleration layer the ex-
panded coordinate # defined by # = e 1(1 — r/r.), so that
F = 0 at the shock and is of order unity at the back of the
layer.

We commence our detailed analysis of the flow problem in
that part of the deceleration layer which is close to the place
where the shock is normal. We nondimensionalize all the
flow quantities in accordance with the general picture of the
flow anticipated in the deceleration layer. Thus, the pres-
sure is nondimensionalized with the freestream dynamic
pressure, p.u.Z, the density with the density behind a strong
shock, p./€, all distances with r,, the velocity components
in the radial and tangential directions with eu.. and wu.,, and
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the magnetic field with By,. In the deceleration layer we
shall neglect 1/r compared with d/0r = (—1/er:)(0/0F).
We also neglect the change in the field components across
the layer.

The energy equation, as has already been explained, has
for an integral the econdition of constant total enthalpy
throughout the flow. We shall suppose the gas to be so close
to perfect that the enthalpy may be taken to be proportional
to p/p. Then, with the nondimensionalization just described,
the energy equation reduces to

p =6l —v?) @.1)

with the neglect of terms of order €2 v, By, and j are odd func-
tions of @, and all other quantities are even functions of 6.
Hence, on the stagnation streamline § = 0,

p=p (2.2)

The equation of continuity reduces, on the stagnation stream-
line, to

d(pw)/dr = 2p dv/08 ' (2.3)

The quantities appearing in (2.2) and (2.3) are regarded as
functions of 7 only. This method gives the appearance of
freating the stagnation streamline by itself, but is, in fact,
no different in principle from the methods common in aero-
dynamics® involving expansions in powers of 8.  On the stag-
nation streamline the current (nondimensionalized with
0Ue By) is given by

0j/08 = €udBy/08 — B,0v/08 (2.4)

This is the appropriate form of Ohm’s law. We shall assume
that 0By/00 < e¢7'B,. This condition implies only that the
dipole is not located right at the back of the deceleration
layer. A result of this assumption is that we may take the
current in the deceleration layer to be given on the stagnation
streamline by

0j/08 = —av/d8 (2.5)

The radial momentum equation reduces in the deceleration
layer to

ov? 4 dp/dF + SBey = 0 (2.6)
On the stagnation streamline, this gives
dp/di = 0 and therefore p = 1 2.7)

Thus, to this approximation, the pressure on the stagnation
streamline is constant. From (2.2) we immediately deduce,
also for the stagnation streamline, that the density is con-
stant, or p = 1. Applying this to the continuity equation
as written for the stagnation streamline (2.3) gives

du/dF = 2 dv/26 (2.8)

We shall use (2.6) to deduce the pressure gradient at the
back of the deceleration layer when we have found a suitable
profile for v. We therefore differentiate it twice with respect
to 8 and set 8 = 0 to find (sincep = 1)

d(d%p/06%) /dF = —2(0v/060)2 — 28(0Be/00)(v/06) (2.9)

We shall return to this equation in due course. The tangen-
tial momentum equation in the deceleration layer reduces on
the stagnation streamline (after differentiation with respect
to 6) to

—ud(Qv/06)/dF + (0v/d6)> + €d%p/00* + Sdv/3f = 0
(2.10)

We can neglect the pressure gradient in this equation as long
as we do not integrate beyond the point where the other
terms become comparable to the pressure gradient. Thus,

—ud(@v/08)/dF + (d0/20) + Sov/d8 = 0 (2.11)
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This must be solved, together with (2.8). The boundary
conditions at the shock are u = —1, dv/06 = 1. The
solution may be written implicity as

F={l = (—w")/0+ 8)} —
[S/(1 + )2 In[(—w)¥2(1 + 8) — 8] (2.12)
F = [(1 — dv/06) — S lndv/d60)(1 + S)~2

These equations show the principal features of the be-
havior of the flow in the deceleration layer. The inward
radial velocity tends to the limit S2/(1 + S)2, whereas the
tangential velocity decreases without limit as we approach
the back of the layer. In order to find the back of the de-
celeration layer, we use the profile of (2.12) in (2.10) and see
at what point the equation is no longer a balance between
two terms both larger than the pressure gradient term. Sub-
stitution shows that we must distinguish two cases:

1) If S is small, (2.10) can be considered as a balance be-
tween the two convective terms. This is the aerodynamic
limit. At a distance 7 =~ 1, dv/08 = €"2, and the pressure
gradient becomes important. At this point —u = e

2) If S is large, (2.10) can be considered as a balance be-
tween the first of the two convective terms and the magnetic
term. This is the magnetohydrodynamic limit. At a dis-
tance 7 = S(1 4 8)~2In(S/¢), S(Qv/d0) = ¢, and the pressure
gradient becomes important. At this point —uw = S2(1 +
8)~.

This leads to an interesting situation; apart from extremely
small values of the interaction parameter, the transverse
component of the velocity at some distance back from the
shock may fall to low values before we reach the body (the
body is where the radial velocity vanishes). By our defini-
tion, the place where the two components are comparable in
magnitude is the back of the deceleration layer. Thus, in
the magnetohydrodynamic case, there may be an outflow
from the back of the deceleration layer. There is, there-
fore, an additional flow region behind the deceleration layer
which will have to be studied in order to complete the solu-
tion to the whole flow problem. In view of the fact that in
this region both velocity components are of order eu,, we
call it the “slow flow region” (see Fig. 1). Since the Mach
number is very low, the convection of momentum in it will
be negligible compared to the pressure gradients and the
magnetohydrodynamic forces. The balance of these last
two, therefore, determines the nature of the flow. Two addi-
tional remarks concerning the slow flow region are important.
First, since the veloecity components in both directions are
comparable, the equation of continuity shows that the
dimensions of the slow flow region are roughly comparable
in all directions. Secondly, since there is no magnetohydro-
dynamic force along the field lines, the pressure is a given
constant for each field line.

Now, in order to solve the flow in the slow flow region, we
must know, from study of the deceleration layer, the pressure
on each field line and the flow velocity across the boundary
between the regions. We have shown how to calculate the
latter, and it remains to determine the pressure at the back
of the layer. This is done using (2.9). Now 0%/ = —2
at the shock, ¥ = 0, since p ~ cos2f. Therefore, integrating
(2.9) and evaluating it at the back of the deceleration layer
where 0v/00 is small, we find

I

ﬁ
I

o _ 23 SIl+ Byoo)]
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982(0B4/06)
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The first of these terms represents the pressure gradient at
the shock, the second is the centrifugal effect, and the last
two are the magnetohydrodynamic effect. For the dipole,
as shown in Fig. 2,

aBe/ae!stag; pt. = (3 - 27'5:)/27'3 (214)
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Fig.3 [lustration of the reduction in the stagnation-point
velocity gradient effected by introducing a magnetic field.
The calculation is reasonable only as far as Se™/* ~ 1.

If the dipole happens to be right at the center of curvature
of the shock, , = 1. We see that the centrifugal effect is
always weakened by the presence of a magnetic field and that
the magnetohydrodynamic effect can be of either sign, de-
pending on whether the field lines in the deceleration layer
appear to diverge from a point ahead of or behind the center
of curvature of the deceleration layer. These remarks
explain the difference in the sign of the change in the body
pressure gradient in the work of Kemp and Bush. Kemp
has a pole at the center of curvature of the deceleration layer.
The only effect on the pressure is, then, that the centrifugal
effect is reduced. As a result, the pressure at the body is
higher than in the aerodynamic case, and the stagnation-
point pressure gradient is reduced. Bush, on the other
hand, has a dipole at the center of curvature of the shock
layer. Thus, the magnetic force is outward, the pressure
on the body is reduced, and the stagnation-point pressure
gradient is increased.

In order to find the remaining details of the deceleration
layer near 8 = 0, we substitute & for the pressure gradient
in (2.10). This will not affect the solution near the front
of the layer (where —9p?/06% = —2 not k) but is important
at the back, where 0%p/08? is equal to k. Equation (2.10)
becomes

—ud(Qv/08)/dF + (0v/06)% 4+ Sdov/00 — ke = 0 (2.15)

Equations (2.8) and (2.15) have been integrated by
Lykoudis® on the assumption that £ = £, its aerodynamic
value, obtained from (2.13) by setting S = 0. We have
repeated the integration using (2.13) as appropriate. The
stagnation-point velocity gradient ratio is plotted in Fig. 3.
The standoff distance is plotted in Fig. 4. The differences
from Lykoudis’ calculation are small when Se~'/2 is small.
The line on Fig. 3 marked ¢ = 0 corresponds exactly to
Lykoudis’ calculation in the sense that if € = 0, but Se™/2is
finite, S must be zero and hence k takes its aerodynamic
value. Also shown in Fig. 4 are the thicknesses of the
deceleration layer, defined as the region where 1 > —u > S?
(1 + S)~2 The difference between these two lengths is the
incipient slow flow region. All the lengths in Fig. 4 are nor-
malized with respect to the aerodynamic standoff distance,
e[l 4+ (8e/3)¥2]171, It can be seen that, with increasing
Se V2 the deceleration layer thickness does not change
very much, whereas the total standoff distance grows rapidly.
This merely confirms our previous discussion in which, for
large Se~'/? we divided the flow into a thin deceleration layer
and a fat slow flow region. Figure 4, therefore, illustrates
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the incipient growth of the slow flow region. It cannot,
however, be used, as Lykoudis has used it, to determine the
distance between the body and the shock when Se™1/2 >
about 1. The reasons for this are that the assumptions
that went into (2.15) from which the numbers appearing in
Fig. 4 were calculated are violated as follows in the region
—u <814+ 8)~2

1) The tangential velocity is reduced to the same order
of magnitude as the radial velocity, so that, referring to (2.4),
the current is no longer given by (2.5).

2) The fact that the velocity components are equal in
order of magnitude implies that the scale of the problem is
no longer compressed. Thus, the flow now extends over
regions comparable in size in all directions with the body,
and the pressure gradient can no longer be treated as constant.

3) The deceleration layer can no longer be assumed con-
centric with the body and the dipole.

To conclude this part of the work, we point out that the
type of analysis used here, in the magnetohydrodynamic as
in the aerodynamic case, gives the standoff distance of the
shock in terms of the shock radius of curvature, but does
not give the radius of curvature of the body. To establish
the body radius of curvature, we must consider the flow at
greater distances from the stagnation streamline.

We next turn to the study of the slow flow region, which
intervenes between the deceleration layer and the body and
in which both velocity components are of order eu.. Since
this velocity is strongly subsonic, the enthalpy is effectively
constant and from (2.1),

p=p (2.16)

although these quantities will vary considerably through the
region. We note that this isenthalpic motion may involve
a considerable rise in the entropy. Since the flow is subsonic,
we may neglect the convection of momentum and consider
the flow to be governed by the remains of the momentum
equation :

vp =S8j X B 2.17)

The neglect of the inertia term in (2.17) will result in in-
finite velocities; these should be interpreted as sonic. The
equation of continuity is

V-pu=0 (2.18)

These equations may be considered to have been nondimen-
sionalized just as before, with two exceptions. Both com-
ponents of velocity are now nondimensionalized with respect
10 €U, and distances are referred simply to r.. The current
now involves contributions from both velocity components.
We shall find it convenient to work in the polar coordinates
(R,¢) fixed at the dipole and define the radial and tangential
velocity components in these coordinates by means of a stream
function ¥, nondimensionalized with respect 10 fo Y%w e
The components are
o) . 1 2
o sing op VNP RoR
Note that this stream function is defined like a vector po-
tential, that is to say, the mass flow vector is represented as
the curl of a vector of magnitude ¢ pointing in the azimuthal
direction. Thus, the streamlines are represented not by
Y = const, but by R singy = const. The choice of defini-
tion is arbitrary, but the distinction must be remembered
when plotting streamlines. We multiply (2.17) by p =p
and find

(¥R) (2.19)

3Vvp? = S(pv X B) X B (2.20)

When we substitute from (2.19) in (2.20), we find two linear
equations [the components of (2.20)] for the two unknowns
p? and ¢. The field components are

B = (r,/R)? cos¢ 1(r,/R)? sing (2.21)
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Resolution of (2.20) along the magnetic field gives the result
that p is a function only of

n = r2R~1 sin2¢ (2.22)
so that the pressure has a constant value on any field line.

Resolution of (2.20) across the field lines and use of the
knowledge that p = p(n) lead to

g 7 _ g (Y [eos¢ O
—sm¢-d—n— —S<R> [R 55 BY) +
10
2R d¢

In view of the fact that dp?/dn, like p, is a function of 5 alone,
we can find solutions of (2.23) of the form

= —(1/8)(dp*/dn)G(E, ¢) (2.24)

G satisfies the equation

(¥ sin¢):| (2.23)

R R OR 2R 93¢
A particular solution of this equation is
- 2RP —13 P s
q = <7's4> sin ~13¢ fo sin*3{dt (2.26)

In addition, any function (R sing)~* h(y) satisfies the homo-
geneous part of (2.25) so that the general solution of the
problem is

dpr 1 [2136

po _Ldr 1
S dy Rrtsing | sini2¢ Jo

¢ sintsdt 4 nh@)]

(2.27)

This equation tells us everything we need to know about
the slow flow region. We notice in particular that ¢ vanishes
on three separate lines: first, on the stagnation streamline
since (by symmetry) dp/dn vanishes; second, on the body
where the quantity in brackets vanishes. Since A(y) is
arbitrary, any body can be described. Finally, ¢ vanishes
on the two symmetrically placed field lines for which p
vanishes.

We find some relationships among S, r,, and r, by using
the results just obtained. At the back of the deceleration
layer the pressure is given for small values of 8 (and therefore
for small %) by

p = 1—3%kry (2.28)

from (2.13) and the definition of 7 (2.22). Since, in the
slow flow region, p is a function of 5 alone, (2.28) is valid for
any r between the shock and the body. Next, we specialize
the general solution for the stream function in the slow flow
region (2.27) to the stagnation streamline. This gives us

¥ =~ (r6k/Sr){(RYT) + [R(O)r2/ R} (2.29)

From this relation, we can find the flow near 8 = O all the
way from the shock to the body. In particular, at the shock
we can calculate the radial velocity

u ~ (—=1/prp) O(Y9)/0¢ ~ (—1/0)d(¥0)/00|s~0;r-1
(2.30)
However, this radial velocity has already been caleulated in
(2.12). It is just the residual radial velocity at the back of
the deceleration layer. Thus, we find the important matching
condition
S/ + 8)IP = @k/Sr3H{(n4/7) + [2(0)/r.]}  (2.31)
To find h{(0), we recall that the body is given when ¢ = 0
as a result of the vanishing of the last bracket in (2.29).
Using this to eliminate 4 (0) from (2.31) gives
2183 — [1882 + (24r, + 9)S + 167,] X
1 — (r/r)7] = 0 (2.32)
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This is the sought after relation between 8, 7, and r,. From
it we can make a number of deductions, the most important
of which is the following: In a given flight situation (i.e.,
Doy U, and € given, as well as the magnetic moment of the
dipole and its location relative to the body), (2.32) does
not give unique values for the quantities appearing in it.
We recall that r, and r, are nondimensionalized with respect
to 7., and that », i$ also the length appearing in the definition
of S. Suppose some value of r. is given; then from the
geometry we can calculate r,. However, S is proportional
to Bp?, which in turn is proportional to the inverse sixth power
of 7. But this procedure will be valid for any 7., and there
isno way of knowing which is correct.

We measure the standoff distance by means of a non-
dimensional distance A = (r./r,) — 1. Equation (2.32) gives,
in terms of S and 7,

A = [1 — 218%{188> + (247, + 9)S + 16r,) 1]U7 — 1
(2.33)

The standoff distances calculated in this way are not directly
comparable to the aerodynamic standoff distance, for the
aerodynamic standoff distance is a quantity of order e,
whereas A in (2.33) is of order unity. This is a result of the
slow flow region having comparable dimensions parallel and
perpendicular to the flow. These remarks also explain why,
if we put S = 01in (2.33), we recover A = 0.

There are values of 8 and r, such that A — ». They
satisfy the relation

218% — 1882 — (2r, + 9)S — 16r, = 0 (2.34)

These values are of particular interest to us. They do not
correspond to an infinite distance from the shock to the
dipole, but rather to a zero distance between the body and the
dipole r, = 0. Thus, they correspond to what we refer to as
the fully magnetohydrodynamic case. The region on the
body in contact with the flow shrinks to a point, and the
entire drag generated by the flow field is felt by the magnet.

We can compare our analytical calculations (for e < 1)
up to this point with Bush’s numerical calculations for ¢ =
+r, which assume the dipole is at the center of curvature of
the shock, by setting r, = 1in (2.33). When the interaction
parameters are modified to allow for differences in notation,
the agreement is quite good. In particular, for the axisym-
metric case, Bush finds A = o for S = 1.53. This com-
pares with our value A = « for § = 1.90 from (2.34) with

’
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Fig.4 Illustration of the increase in the shock standoff dis-
tance effected by introducing a magnetic field. The ecalcu-
lation is reasonable only as far as Se~'/: =~ 1. The lines
marked 1 represent the entire standoff distance. The lines
marked 2 give the thickness of the deceleration layer de-
fined as extending from the shock to the place where —u =
S$2(1 + S)72. These lengths are normalized with respect to
the aerodynamic shock-layer thickness.
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rs = 1. The difference can probably be attributed to finite
e effects.

The picture we now have of the flow for S > €2 is as
follows. The deceleration layer is no longer in contact with
the body, but is separated from it by the slow flow region.
There is no longer any justification for assuming that the
layer is concentric with the body, or, for that matter, with
the dipole. Whatever the geometry, the type of flow we
expect is illustrated schematically in Fig. 1. The pressure
at the back of the deceleration layer is reduced by the com-
bined action of the centrifugal and magnetic forces. At the
same time, the component of velocity parallel to the decelera-
tion layer at the back of the layer rises aswe proceed away from
the stagnation streamline; the gradient of this velocity
component at the stagnation streamline is eusr.™, but it will
subsequently grow more rapidly when the angle between the
field and the deceleration layer becomes small. At some
point, it will reach sonic velocity €/?u.. At this point, the
flow in the “slow flow region’ can no longer be slow. On the
other hand, flow that entered the slow flow region near the
axis can be expected to escape at higher speed in the general
direction of the magnetic field. The analysis of this flow
is beset with a number of difficulties. Thus, as the velocity
rises, the temperature and hence the conductivity will fall;
furthermore, the density will also be lower away from the
stagnation streamline; at some point nonequilibrium, Hall
and ion-slip effects must all become important. Two meth-
ods are available at this stage. The first, used by Bush
(and others), is to introduce the ad hoe assumption that
the dipole is at the center of curvature of the shock wave.
No justification of this assumption seems possible, but it
does lead to a definite problem that can be solved without
discussing the tricky matter of the nature of the flow near
the sonic points. The second alternative is to construct a
satisfactory model of the flow out to the sonic point. In this
paper we have adopted the second alternative; we shall see,
however, that in order to construct this flow we are obliged
to make assumptions about gas properties that are not too
well justified in practice. An important result of our analysis
will be a reasonable degree of agreement between our results
and those of Bush. Since the results are obtained by differ-
ent methods, it is felt that each lends support to the other.

We now have a solution for the slow flow region valid
everywhere behind the deceleration layer and a solution for
the deceleration layer near the stagnation streamline. To
complete the construction of a model valid to the sonic point

FLOW
-

SHOCK WAVE

DECELERATION
LAYER

Fig. 5 Ilustration of the coordinate system used in the

analysis of the deceleration layer away from the stagnation

line. Cis the center of curvature of the deceleration layer

at the point P. The components (u, v) of the velocity are,

respectively, in the n and s directions. In the text, the
length r. is taken to be unity.
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we need to study the deceleration layer away from the stag-
nation streamline. The results we need, in order to match
a possible shock configuration to the slow flow region, are
the pressure and the normal velocity at the back of the layer.
In the absence of analytical solutions we have to resort to
approximate methods. Since we do not know a priori the
shape of the layer, we must introduce an arbitrary system of
coordinates fixed in the layer. This system is shown in Fig.
5. n and s are coordinates perpendicular and parallel to the
layer. The position of the layer itself is referred to Car-
tesian coordinates fixed at the center of curvature of the nor-
mal part of the layer. Thus, it is given parametrically in
terms of the arc length s by ¢ = z.(s), ¥y = yz(s); the sub-
seript referring to the layer. Using (as before) 7, as the unit
of length, x;, and yz. are given for small s by

yo=8— £sf...  (2.3b)

u and v are the components of velocity in the n and s direc-
tions. Since the thickness of the layer is on the order of
er., we introduce a coordinate 7 such that # = 0 is at the
shock and 0/97 = (—1/¢) 0/0n. The continuity equation
is

.’I?L=1—%82...

d(pw) /0 — (1/yr)0(ovyr)/ds = 0 (2.36)

where u and v are nondimensionalized with respect to eu., and
Us, respectively. The current is effectively given by

j = —uB, 2.37)

where B, is the component of the magnetic field normal to
the layer. This expression is valid until B, is comparable
with eB,, where B, is the component of the magnetic field
parallel to the layer. At this point, as we will see, the
current no longer affects the dynamics of the layer appre-
ciably and can therefore be neglected. B, and B, may be
regarded as functions of s only. The normal momentum
equation becomes

kpv? 4 Op/of + Sv B,B, = 0 (2.38)

k, the curvature of the layer, is a function only of s and is
given in terms of the derivatives of zz and yz. The s mo-
mentum equation is

ou Ov/0f — pvdv/ds — SvB,2 = 0 (2.39)

Finally, the energy equation is just the same as (2.1). At
the shock, i = 0, we have the following boundary condi-
tions (dot indicates d/ds) :

p=1 p = yi? U= —yL v = —dr (2.40)

As indicated earlier, we lack general solutions to these equa-
tions. Consequently, we resort to a momentum integral

method somewhat analogous to that used in boundary-layer
theory.® We introduce the quantities

I(s) = Jvds M(s) = fpvd#i
P(s) = fovdii

These quantities measure, respectively, the current, mass
flux, and momentum flux in the deceleration layer. The
integrals are carried from the shock 7 = 0 to the effective
back of the layer. On integrating (2.38) across the layer, we
find

(2.41)

kP + pu — 4 + SB,B,J = 0 (2.42)

where pu(s) is the pressure at the back of the deceleration
layer. The subseript indicates that we will use this quantity
to match with our solution for the flow in the slow flow re-
gion. Integrating (2.39) through the layer and making
use of the continuity equation (2.36) leads to

lowr] — (1/yz) fo(pv2yr)/ds dit — SB = 0 (2.43)
We can evaluate puv at the shock using (2.40). At the back
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of the layer it is effectively zero since v is reduced to the order
of e at that point. Thus,

dyn + (V/yn)d(Pyr)/ds + SB.A = 0 (2.44)

Rather than evaluate the normal component of velocity at the
back of the layer, it is convenient to introduce a stream func-
tion appropriate to the layer defined by

ou = —(1/yL)d(Yyr)/ds pv = —OyY/on (2.45)

Noting that ¢ = %y at the shock, integration of the
second equation (2.45) gives

M = Jy. — ¢ (2.46)

where Y, is the stream function at the back of the shock
layer. ¥ and pa are the two quantities we use to relate
the deceleration layer to the slow flow region.

An interesting observation to make on (2.42) and (2.44)
is that, if S = 0, corresponding to the aerodynamic case, we
can eliminate P directly and find the Busemann relation!® for
the pressure in Newtonian shock layers. When the mag-
netic interaction is present, no such simple result is available
to us. We now have to assume protiles for v and p through
the layer in terms of a shape parameter 6(s) of some kind,
so that I, M, and P can all be expressed as functions of 8(s).
The problem can then be showns to reduce to a system of five
ordinary differential equations for the six unknowns, i,
yr, &, 0, Yar, and py.  To complete the set, we need to intro-
duce one further relation, and this is the slow flow solution
(2.27). Along the deceleration layer we have

dn/ds = (2R/r,)B, sin¢g (2.47)
s0 that (2.27) becomes

-3
. sin!3dt
P dpx |:2R L n ﬂ"_)} (2.48)

Yu = SB, ds |7 sinl4gp 7.3

The equations just described can be used to solve two
fundamentally different problems. The first of these, which
we call the direct problem (by analogy to a somewhat similar
aerodynamic problem), is that in which the body shape and
the dipole location relative to the body are given. It is
required to find the shape of the shock wave and the de-
celeration layer. The second problem, which we call the
inverse problem, is that in which the shape of the shock wave
and deceleration layer are given and also the location of the
dipole relative to the shock wave. It is required to find the
body shape. We shall give numerical results for both these
types of problems subsequently, but before proceeding to these
caleulations we must consider again our model of the flow
in the region away from the stagnation streamline. We have
seen how to caleulate along the deceleration layer, and we
have seen how to join to the deceleration layer a consistent
slow flow region. How far can we take this process?

As we proceed along the deceleration layer, py falls.
Where it reaches zero, the deceleration layer is fully supported
by the centrifugal and j X B forces. Clearly, this point is a
natural limit to the validity of our calculation. Another
such limit can be found by considering the component of
magnetic field normal to the deceleration layer. In all
reasonable configurations this field component must drop
and will eventually reach zero. We assume that these two
poiats (i.e., the points where py and B, vanish) coincide.

In justification of this model, suppose first that pa reaches
zero while B, is finite. Equation (2.48) shows that at this
point ¥y = 0, that is, the stagnation streamline reaches the
deceleration layer at this point. This implies that all the
slow flow region is exhausted by being forced back into the
deceleration layer. By the definition of the deceleration
layer this implies that the slow flow is accelerated at least
to sonic velocity in some region near the back of the decelera-
tion layer. But the j X B force would oppose this accelera-
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tion, and therefore, if it exists, it must be due to the pressure
gradient. But previously, we saw that, as long as Se~%/2 1,
the j X B force is always greater than the pressure gradient.
The argument given there is directly applicable to our case
as long as B, remains of order unity. If B, is of order
eVt however, the effective interaction parameter makes
Se~12 ~ 1, in which case the pressure gradient does become
important. But, on our assumption that /4 is small, this
implies that B, is small, which is contrary to our hypothesis.
Thus we reject situations in which psr goes to zero before
B,. The weakest link in the foregoing argument is the
assumption e+ < 1. We shall discuss the implications of
finite e in Sec. I1I.

Returning to our model, suppose on the other hand that
B, goes to zero before py. From (2.48) we see that, if ¥
is to remain finite (which is physically essential), either
dpu/ds must vanish or the quantity in brackets must vanish.
If dpar/ds vanishes for finite pu, px goes through a mini-
mum and starts to increase again. This seems to be un-
realistic. The quantity in brackets, on the other hand, van-
ishes at the body and cannot vanish twice on the same field
line.

We are, therefore, led (by reductio ad absurdum) to sup-
pose that py and B, vanish simultaneously and that ¢ is
finite at that point. What are the consequences of this model?
The numerical answers to this question will be given, but
it will be useful to anticipate certain results. At the point
where py and B, vanish, the slow flow velocity becomes
infinite. This infinity must be regarded as meaning sonic.
However, formally speaking, the area required to pass a finite
mass at infinite veloecity is zero, provided the density is not
zero, a condition that is certainly fulfilled for isothermal
flow that expands by a factor ¢'/? in going from stagnation
to sonic conditions. Therefore, all the slow flow gas must be
immediately behind the point where py and B, go to zero,
and the field line through this point delimits the flow in the
sense that it must coincide with ¢ = 0. This point, which
has practical importance, will be reviewed in Sec. IIT in the
light of a more realistic view of the gas properties.

We consider now the choice of profiles to be used in calcu-
lating I, M, and P. We introduce the following quantities:
6(s) is an effective thickness of the deceleration layer. &,
defined by & = i/8, varies from zero at the shock to unity at
the back of thelayer. Welet

v/(—=&1) = fi(§) p = f(&) (249)

Thus, at the shock we have f,(0) = f2(0) = 1. At the back
of the deceleration layer, v is of order ¢ and thus may be
taken to be zero, that is, fi(1) = 0, and from the energy
equation (2.44), f»(1) = pux. These boundary conditions
suffice to define linear profiles:

he=1-¢ (2.50)
L)) =1 - (1 = puk (2.51)
With these profiles we readily calculate

16) = —ab [} (D= ~ S ab @52)
1 1
M) = —0:8 [ fifidt = — ¢ 28@ + ) 259)

P(s) = 1% j;l fiYfdé = 1153'31425(3 + pu) (2.54)

Before we can use these for integration, we must examine their
behavior for small s. Since the linear profiles do not agree
with the exponential profiles calculated in the deceleration
layer analysis, we may expect that the starting conditions
developed previously will have to be modified. It can be
shown? that use of these profiles requires us to replace (2.34)
with

2182 — (32r, + 188)[1 — (ry/r)"] =0 (2.55)

and that this introduces no substantial errors.
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Fig. 6 Variation of the significant quantities relevant to
the deceleration layer for the fully magnetohydrodynamiec
case. The abscissa represents arc length. py and B,
vanish at the same place to a sufficient degree of accuracy.

We chose problems characteristic of both the inverse and
the direct case for detailed numerical treatment. The in-
verse problem, finding the shapes of the bodies that go with
circular deceleration layers, is treated by Levy et al® and
will not be given in detail here. A noteworthy result of
this calculation is that, as far as the calculation went, a
circular deceleration layer always corresponds to a value of
re close to 0.7. It is not easy to see why r, should be as in-
sensitive as it is over this range, but an explanation along
the following lines seems reasonable: If r, = 1, B, = 0
at § = ¢ = w/2. With centrifugal forces, the deceleration
layer can never reach § = 7/2 with py > 0. Therefore, we
always expect 7, < 1. On the other hand, if B, is to vanish
(i.e., layer and field become parallel) at an angle like one
radian, r, cannot be too small. A second feature to notice
is the effect of the seventh power in (2.55). The range of
interaction parameters for which r,/r; is substantially less
than unity is very small. This situation has an important
practical consequence. For in some physical situation
we could imagine the quantity o/p.u. changing by many
orders of magnitude. The significance of the seventh power
in (2.55) is then that the change from quasi-aerodynamic to
fully magnetohydrodynamic flow takes place when ¢/pou.
varies only by a factor of 2 or so. Put another way, the
fully magnetohydrodynamic case is either ‘“on” or “off” in
any physical situation.

R sin¢y=

Fig.7 Representation of the streamlines for the fully mag-

netohydrodynamic flow. Equal masses flow between the

streamlines shown. Note the displacement of the stream-

lines in the deceleration layer. The magnetic field lines

are also shown. The center of curvature of the shock is at
the bottom of the figure.
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We turn now to a direct problem, finding the deceleration
layer that goes with no body. In this case the geometry
is mnitially unknown. With r, = 0, (2.55) is a relation be-
tween S and 7,; it is a question of finding which pair of values.
S and r,, satisfying (2.55), leads [using h{n) = 0] to a decelera~
tion layer for which py and B, vanish simultaneously. The
result of the calculation was 8 = 1.64, r, = 0.84. The vari-
ation of the properties along the deceleration layer are shown
in terms of arc length in Fig. 6, and the slow flow region and
over-all geometry are shown in Fig. 7. The resultant shock
shape is, as can be seen, nearly circular. The limiting
streamline is the field line 4 = 0.68. The most important
number to emerge from this analysis is the value S = 1.6,
for this is the largest possible value of S; any further increase-
in, say, the conductivity or magnetic moment of the coil, re-
sults only in a larger standoff distance, the value of S
being unchanged. Figure 7 should probably be disregarded
beyond about = 0.5, on which field line the pressure and
density are about 0.25. Beyond this field line, Fig. 7 pre-
dicts a substantial rise in velocity (coming together of the
streamlines) indicating that the low Mach number approxi-
mation is no longer valid.

III. Discussion and Conclusions
The principal result of the foregoing analysis is that whem
S = e€0ur B/ putic? =~ 1.6 (3.1)

a flow pattern is set up in which the forces acting on the flow
are almost entirely magnetic in origin. Forces exerted at
solid surfaces are important only over a negligible area around
the stagnation point. The demonstration that this type of
flow can exist even at low magnetic Reynolds number was.
one of our principal objectives. On the other hand, the re-
sult (3.1) was not achieved without making a number of as-
sumptions, nearly all of which need closer examination if’
we are to make a more accurate assessment of the physical
conditions to which (3.1) should apply. In this section we
shall discuss some of these physical conditions and also men~
tion briefly the situation as regards experimental (laboratory)
verification of the theoretical work in this area.

We commence with a discussion of the effects of finite
(as opposed to vanishingly small) e. In practical situations.
¢ may be as small as 0.05, in which case €4 is about 0.5.
This obviously casts a shadow on those parts of the flow
picture dependent on €/* being small, notably the joining of
the deceleration layer to the slow flow region near the sonic
points. We feel, however, that the effect of finite e will be-
one in which things get “smeared out’” rather than funda~
mentally changed. Most notably, for finite ¢, the slow flow
will require a considerable area to be passed out at sonic
speed parallel to the magnetic field. However, the distinction
between the deceleration layer and the slow flow region is
also less distinct for larger ¢, so that it seems fair to describe
the net effect as one “blurring” a picture whose sharp out-
lines are useful for deseriptive and mathematical purposes,
but not physically realistic.

We turn next to consideration of the Hall effect. When
w7 is not small, the electric current is reduced in magnitude:
and does not flow in the direction of the applied electric
field. However, cases can arise in which the angle between
the current and the electric field remains small, and the
magnitude of the current stays the same even though wr
grows to values in excess of unity. Just such a case arose
in the paper of Levy and Petschek.* Here the Hall currents.
(roughly the component of the electric current perpendicular
to the electric field) were restricted to flow in a long narrow
region of aspect ratio e. This inhibited them to the extent
that no important effect was noted until wr grew to values
in excess of ¢ . This case does not occur in the present
geometry; the Hall currents would flow, in this case, through~
out the slow flow region. For this reason, the result (3.1)
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can be expected to hold only for values of wr less than unity.
Toward the edge of the slow flow region wr will rise consider-
ably because of the decrease in the gas density. Thus the
Hall effect will limit the sharpness of the boundary to the
slow flow region. A similar effect is ion slip, which occurs
when the density is so low that the neutrals can leak past
the ions. The presence of ion slip would result in some small
heat transfer to those parts of the surface of the body which
the ideal theory shows to be not in contact with the hot gas.

A further physical limitation is that of chemical non-
equilibrium. At sufficiently low density there may not be
time for the ionization processes in the gas to reach equilib-
rium. Thus Boyer!* claims that nonequilibrium effects
make the attainment of substantial interaction parameters in
hypersonic wind-tunnel facilities problematical for unseeded
air. For the flight case, it is probably fair to say that, where
nonequilibrium effects are important, the density must be
so low as to preclude useful dynamic effects. However, it
is difficult to generalize on this subject, and we must usually
be content with calculating the magnitude of likely effects
in any given case.

A final limitation on the physical realizability of the flows
discussed in this paper arises from the following considera-
tions. 'The gas ahead of the strong shock is supposed to be
cold and un-ionized, a condition that is certainly met in the
planetary entry case. However, the magnetic field of the
coil extends substantially beyond the shock, and the cold gas
therefore ‘“‘sees’” an effective electric field. The question
arises as to whether this electric field is sufficient to break
down the gas. This question is quite involved and is dis-
cussed at the end of the paper by Levy and Petschek.* On
the one hand, arguments can be given to show that break-
down could not occur for velocities less than about 5 X 106
em/sec, 1.e., about five times satellite velocity. On the other
hand, unanswered questions remain having to do with the
possibility of substantial photo ionization in the gas ahead
of the shock.

This comment about photo ionization introduces the sub-
ject of radiant heat transfer. It has been shown, for in-
stance, by Goulard'? and Romig!®$ that the magnetohydro-
dynamie interaction can sometimes increase the radiant heat
transfer to a body while decreasing the convective heat
transfer, the flow conditions remaining fixed. This effect
is due to the increased volume of hot radiating gas that is a
consequence of the increase in the standoff distance. Since
in this paper we deal only with the dynamics of the flow, and
since under ordinary conditions radiation does not affect
the dynamics of this type of flow, we shall not pursue this
subject here. It does seem worth pointing out however,
that, for a fixed object, re-entry may take place at a higher
altitude because of dynamic effects. Thus, the radiant heat
transfer to a body could be reduced by causing it to decelerate
at a higher altitude.

We conclude by reviewing the status of quantitative ex-
periment in the field of low magnetic Reynolds number
hypersonic flows. Early work in the field by Bush and
Ziemer!* appeared to give good results, but a recent article
by Cloupeaus appears to throw some doubt on the quanti-
tative interpretation of results achieved in electromagnetic
shock tubes of the type used by Bush and Ziemer. Work
on this subject has also been reported by Wilkinson!® and
Ericson et al.,”" although neither of these studies appears
to have given very good results. We understand that a

§ We are indebted to a reviewer for this reference.
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description by Locke, Petschek, and Rose®® of experimental
work performed by them with the object of verifying the
existence of fully magnetohydrodynamically supported
hypersonic flows (as predicted by Levy and Petschek?) is
forthcoming. Preliminary results indicate that such flows
can be supported with negligible physical contact between
the hot gas and solid surfaces.
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